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An elementary proof of the non-renormalization theorem 
for the Wess-Zumino model 

Hidenori Sonoda 1 and Kayhan Ulker 2 

1 Physics Department, Kobe University, Kobe 657-8501, Japan 
2 Feza Giirsey Research Institute, Istanbul, Turkey 

Using the exact renormalization group (ERG) differential equation, we give an elemen- 
tary proof of the non-renormalization theorem for the Wess-Zumino model. We introduce 
auxiliary fields to linearize the supersymmetry transformation, but we do not rely on the 
superfield techniques. We give sufficient background material on the Wilson action and the 
ERG formalism to make the paper self-contained. 

(N 

$_i ■ §1. Introduction 

The purpose of this paper is to prove the non-renormalization theorem for the 
Wess-Zumino modeP 1 using an elementary method. Here, what we call the non- 
renormalization theorem is the absence of radiative corrections to the superpotential. 
Two of its important implications are that the expectation value of the scalar field is 
the same as at the tree level, and that the beta function and anomalous dimensions 
are related. We will sketch a derivation of the latter in sect. 

The cancellation of UV divergences in the Wess-Zumino model was first analyzed 
in [2]) shortly after the model was introduced. With the development of superfield & 
supergraph techniques in superspace it became possible to display all simplifications 
due to supersymmetryP"® A proof of the non-renormalization theorem was given 
in full details for the first time in[3|), which relies on elaborate uses of the superfield 



> 

£~-» \ techniques. The simplest proof is the one given by SeibergP 1 '^' where the coupling 

constants are promoted to chiral or antichiral constant superfields. Our elementary 
proof does not rely on superfields, but relies on the formulation of field theory using 
the exact renormalization group (ERG) differential equation.®'^ Though there is 
nothing fancy about the ERG formalism, its familiarity cannot still be taken for 
O ■ granted, and we give sufficient background in sects. & HI 

Our proof, to be given in sect. [5l is by no means the first given within the 
ERG formalism. The amalgamation of the superfield and ERG formalisms was ob- 
tained in [TT|) and [T2|) , for which the result of 0|) directly applies to proving the 
non-renormalization of the superpotential. A recent work by RosterpJ also uses 
ERG to prove the non-renormalization theorem without using the result of|3j). Since 
our proof closely resembles Rosten's (sect. V of I13[) ), we feel obliged to make compar- 
isons in order to justify the publication of the present paper. In I13p . a more general 
formulation of ERG is used to study theories of a scalar chiral superfield, not nec- 
essarily renormalizable perturbatively. Especially, the use of Fourier transforms in 
superspace makes his proof of non-renormalization less transparent to follow com- 
pared with our work. Our proof is simpler, depending only on the linearization of 



X 

5-H 



typeset using PTPTeX.cIs (Ver.0.9) 



2 



H. Sonoda, K. Ulker 



the supersymmetry transformation by auxiliary fields, and it makes the advantage 
of the ERG formalism more explicit. It is a main goal of the present paper to show 
that ERG provides such a straightforward formulation of renormalizable theories. 

We give a definite definition of the Wilson action Sa with momentum cutoff A. 
The non-renormalization theorem we prove applies only to Sa with strictly positive 
A. We use the four dimensional euclidean space throughout the paper. 



§2. The classical action and its symmetry 



The classical action of the Wess-Zumino model, without auxiliary fields, is given 



by 



m 



m 



\ 2 \<f>\ 2 + Xlct ■ 8xr + ~~XrXR + yXLXL 



+94>\xrxr + 94>\xlxl + ^\4>\ 4 + W>|0 2 + W>|<^ 2 



(2-1) 



where m is a complex mass parameter, and g is a complex dimensionless coupling. 
We use a bar to denote complex conjugation except for the right- or left-handed 
two-component spinors XR L ; for which 



We also define 

Shifting ct> by v = f , we obtain® 



a 



XR,L = XR,L a y 



•4) 



S,.i 



9 

d A x 



dn<j)du4> + Xlo ■ 9xr 



A- -j 1 - \aY 
+g(t>ipCRXR + gv^XLXL + — 



b 2 -v 2 ) 



b 2 -v 2 ) 



With the shift, the action is invariant under the Z2 transformation: 

<f> ->■ -4>, 4> -> -<t>, XR ->■ iXR, XL ->• -ixi- 

This symmetry is broken spontaneously by the non-vanishing VEV {<p) = v. 
Using complex auxiliary fields F, F, we obtain an equivalent action 



Sri — S r 



c! 



)}{F + l \{4> 2 -v 2 ) 



d*x 



0, 



' + Xlo ■ 8xr + FF 



+ | (<j>XRXR + iF<p 2 ) + I (4>xlXl + iF0 2 ) - iF^- 



iF 



gv 



(2-2) 
(2-3) 



(2-4) 
(2-5) 



(2-6) 



The unfamiliar factors of the imaginary i are due to our use of the euclidean metric. 
The action S c i, written as above, depends on the dimensionless g, the squared mass 
parameter v 2 , and their complex conjugates. 
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The classical action is invariant under the following linear N = 1 supersymmetry 
transformation: 

H = xrCr, H = xl{l, 

&XR = d^a^L - iF£ R , 5xl = d^a^R - iF£ L , (2-7) 
5F = -id^xna^L, 5F = -id^XLO-^R, 

where are anticommuting constant spinors. We note that the chiral fields 
(^)X-R)-^ 1 ) an d the antichiral fields ((f),XL,F) do not mix with each other under 
the supersymmetry transformation. 

The parameters g and v are both complex, but their phases are unphysicalP 
To see this, we consider the phase changes 

g — ► e ia g, g — ► e~ ia g, 
v — > e l/3 v, v — > e~ l/3 v. 

The action S c i remains invariant, if we change the phases of the fields at the same 
time as follows: 

4> — > e^4>, 4> — > e"^0, 

XR — > e 2 XR, XL — > e l 2 XL, l 2 ' 9 ) 

The transformation (|2-9p with a = is the R-symmetry transformation with R- 
character |, and that with a + 2/3 = is the R-symmetry transformation with 
R-character lJ» The cubic interaction terms are invariant under the former, and the 
terms linear in F, F are invariant under the latter. With g and v both non- vanishing, 
(|2-9p is not a symmetry transformation. 



§3. Momentum cutoff 



We regularize the theory using a smooth momentum cutoff. We split the bare 
action into the free and interaction parts: 

Sb = Sf,b + Si,b- (3T) 

We impose that each of Sf.b an d <Sj £ be invariant under the supersymmetry trans- 
formation (|2-7p . The free part is given by 

Skb = ~J YJ^/Ao) (fft-MW + ^l(-p)^ ■ PXr(p) + F(-P)F(P)) » ( 3 ' 2 ) 

where j p is a short-hand notation for f d p/(27r) 4 , and K(p) is a smooth cutoff 
function satisfying the three properties: 

1. K(p) is a smooth non- negative decreasing function of p 2 . 

2. K{p) vanishes as p 2 — > 00 fast enough for UV finiteness. (In our case, it suffices 
that K vanishes as fast as 

3. K(p) = 1 for p 2 < 1. 
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The free action implies the following propagators: 

(^(-P))s F , B = ^> (3-3) 

(XR(p)XL(-p)}s F , B = H)p • *, (34) 

(F(p)F(-p)) SFB = K(p/A ). (3-5) 

Thanks to the cutoff function K, the propagation of high momentum modes are 
suppressed strongly, and the UV divergences are regularized. 

The invariance under (|2-7|) and perturbative renormalizability constrain the in- 
teraction action Si t B to have the following form: 

Si,b = J d 4 x [z 2 {d^<P + xlo ■ d XR + FF} 

+ (-1 + z 3 ) {| (<PXRXR + iF<j) 2 ) + | {4>XLXL + iH 2 ) } 

(3-6) 



gv 2 gv 2 . - 

ir H it 

2 2 



The renormalization constants Z2 & 23 depend on the cutoff Aq logarithmically. The 
invariance under the R-symmetry transformations (|2-8|) & (|2-9p implies that both Z2 
and 23 are functions of |g| 2 . The last two terms, linear in F or F, give UV finite 
tadpoles, and they are not renormalized Rl 
The non-renormalization theorem is that 

zs = 0. (3-7) 

We wish to prove this using the ERG differential equation, which we will introduce 
in the next section. 

§4. Wilson action 

We renormalize the theory by examining the Wilson action with a non- vanishing 
but finite cutoff A, instead of examining the correlation functions. Roughly speaking, 
the Wilson action is obtained from the bare action with UV cutoff Aq by integration 
over the momentum modes above the IR cutoff A. More precisely, the Wilson action 
is defined as follows: 

Sa = Sf,a + Si,A, (4-1) 
where the free part is the same as Sf,b except Aq is replaced by A: 

Sf,A = - J Y^/A) (P^-PWP) + XL{-p)io ■ PXR(P) + F(-p)F(p)) . (4-2) 



We may regard this as part of the non-renormalization theorem. 
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This is supersymmetric on its own. The interaction part is defined by 



exp [S IiA [<l>, ■■■ ,F}]= j [d^'d^d^d^dF'dF 1 ] exp 

'v 2 4>{rv)<t>'ip) + Xl{-v)^ ■ px'r(p) + F'(-p)F'(p)) 

(4-3) 



p K(p/A ) - K{p/A) 

+Sr B U + </>',■■■ ,F + F' 



In terms of Feynman graphs, Si a consists of connected graphs with the elementary 
three-point vertices and the propagators multiplied by the cutoff function K(p/ Aq) — 
K(p/A), which is approximately 1 for A 2 < p 2 < Aq, and zero for p 2 < A 2 . Note 
that Si a is n °t only supersymmetric, but also invariant under the R-symmetry 
transformations (p^gj) & (pljj) . 

Alternatively, we can define Si a by the ERG differential equation 



d f A(q/A) 

' A dA Sl ' A = J q ^- 



5Sta SSt_ 



+ 



5 2 Sr_ 



64(g) 6<t>(-g) 6<f>{q)8<f>(-q) 

+Si,a r. T7? (~^)g • °t=~< — \ s i,a - Tr t^i — \ s i,a x —, s (-i)g ■ & 



6xn{q) 
+q 



8xi{-q) 
2 6Si t A 8Si,a . 2 8 2 Si,a 



8xL{-q) ' 6xn{q) 



+ q 



8F(q)8F(-q) * 6F(q)6F(-q) 



where 



A(q) = -2q 2 -^K(q), 



d_ 

dq 1 



and by the initial condition 



Si, 



A=A 



Sib- 



(4-4) 



(4-5) 



(4-6) 



Note that A(q) = for q 2 < 1; hence, the q in the ERG differential equation is 
integrated over q 2 > A 2 . We can regard (|4-3p as the integral formula of (|4-4p & 

(USD. 

The dependence of Si t A on the squared mass parameter v 2 and its complex 
conjugate can be obtained trivially. For this, we note that if Si t A is a solution of 
(g3D, so is 



Si >A = Si, A -i^F(0)-i^F(Q), 



(4-7) 



where 



F(0) = J d 4 xF(x), F(0) = j d A xF{x). (4-8) 
Hence, Si a is the Wilson action of the massless theory, corresponding to v 2 = 0. 
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Let us now expand Sj,a m powers of fields. The supersymmetry and the invari- 
ance under the R-symmetry transformations (|2-8|) & (|2-9p imply 

Si, a = / V 2 (p) (p 2 0(-p)<A(p) + XL(~p)icr ■ pxr(p) + F(-p)-F(p)} 

+ / V 3 (pi,P2,P3)(2vr) 4 5 (4) (pi+p 2 +p 3 ) 

X {| (0(Pi)Xk(P2)X-R(P3) +i-F(pi)0(p2)0(P3)) 

+ | (0(pi)xl(P2)xl(p 3 ) + iF(pi)4>{p 2 )4>(pz)) } + • • • (4-9) 

up to terms cubic in the fields. The coefficients V 2 and V3 are scalar functions 
dependent on |g| 2 . V3 is symmetric with respect to the three momenta. 

2 

Expanding V 2 (p) in powers of ^7, we obtain 

V 2 (p) = c 2 (lnA/ ») + ■■■ . (4-10) 

Similarly, expanding V 3 {p\,p 2 ,p3), we obtain 

V 3 (pi,P2,P3) = -l + c 3 (ln^///) + --- . (4-11) 

Both c 2 and C3 are momentum independent constants, but they depend on the cutoff 
A logarithmically. We have introduced an arbitrary momentum scale \i to make the 
argument of the log dimensionless. The initial condition (|4-6p implies 

c 2 (lnA /n) = z 2 , caQnAo/n) = z 3 ■ (4-12) 

Now, what about renormalization? We tune the renormalization constants z 2 , z 3 
so that the limit of the Wilson action 

lim Si, A (4-13) 

exists order by order in \g\ 2 . More concretely, we choose z 2 , z 3 such that 

c 2 (0) = c 3 (0) = (4-14) 

are satisfied. This is a particular renormalization condition, where fi plays the role of 
a renormalization scale. To prove the non-renormalization theorem (|3-7p . it suffices 
to show 

-A-^c 3 (In A/fj?> = 0. (4-15) 

Then, (|4~42|) and imply 

c 3 (lnA/fi) = 0. (4-16) 
This is an alternative form of the non-renormalization theorem (|3-7|) . 
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§5. Proof of the non-renormalization theorem 

To prove (|4-15|) , we examine the part of the Wilson action proportional to 

g (iF(O)^(O)0(O) + 0(O)xh(O)xji(O)) , (5-1) 

where all the fields are evaluated at zero momentum. Its coefficient is — l-\-cs(lnA/ fi). 
The ERG differential equation ()4-4p gives 



-A^jCsflnA/ri .j(if(ll)^D) + *(l)J,(0)«fO)) = j^^A < 5 ' 2 ) 

x {mm-*)* ~ Tr sM=T) V5 s^S} { -' )q ' s + q ' SF(-^SF(^} • 

where V5 is the part of Si t A proportional to one chiral field with momentum q, one 
antichiral field with momentum —q, and three chiral fields with zero momentum. 
Since A(q/A) = for q 2 < A 2 , we can restrict q 2 > A 2 in V5. We enumerate all 
possibilities for V5 that satisfy the constraints of supersymmetry and the invariance 
under the R-symmetry transformations (|2-8p & ()2-9[) . The most general V5 is given 
in the following form: 

V 5 =g f [{xR{-q){-i)q^XL{q)+iF{-q)iF{q)-q 2 4 ) {q) ( i ) {-q)} 

Jq 

^{wi(q)mmiF(0) + w 2 (q)xR(0)XB.(0)m} 
+ (101(9) " Mq)) iF(P) (<K°) {xB.(0)(-i)q ■ a XL (q) + iF(0)iF(q)) </>(-q) 

+ U{-q)~XR{0)XR(P) + <P(0)XR(-q)XR(0^j iF(q)\ , (5-3) 

where wi(q),W2(q) are arbitrary functions of q 2 and \g\ 2 . For example, at 1-loop, we 
obtain 

Wl(q) - t\g\ J r r 4 {r+q) 4 T ' (, ,s 

inn (n\ -- | n |4 l-^faM) f (l-K((r+q)/A)) 2 (l-K(r/A)) 2 ( 2 q 2 \ ^> 

Substituting (|5-3p into (j5-2[l . we can verify (|4-15|) by simple algebra. Please see 
Appendix [X] for an explanation of this vanishing and a more systematic derivation 
of (53]). 

§6. Generalization 

The non-renormalization theorem (|3-7p or (|4T6p can be generalized further using 
the invariance of the Wilson action under the R-symmetry transformations (|2-8p & 

(ZD- 
Let us first define the superpotential Va[&) + VaW\ using the Wilson action. 
The superpotential Va[$] is the part of Si t A that depends only on the chiral fields 
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& — {</>) XRi F} with no space derivatives. Similarly, V/i[^] is the part dependent only 
on # = {4>, xl, F} with no space derivatives. Va is basically the complex conjugate of 
V, where we interpret XL as the complex conjugate of XR- The non-renormalization 
theorem (|4- 16|) implies that the cubic part of V^[^] is given exactly by 

- | J d A x {iF<f> 2 + 4>xrxr} • (6-1) 

Now, what about higher order terms? 

We know that the higher order terms depend only on the chiral fields ((f), xr, F) 
and the coupling constants g, g. The most general supersymmetric term consisting 
of n(> 4) chiral fields is given by 

g\g\ 21 J d*x (iF^- 1 + ^^XrXr) , 

where I is an arbitrary non-negative integer. The first factor of g is for the invariance 
under the R-symmetry transformations (|2-8|) & (|2-9p with f3 = 0. But the above is 
not invariant under the R-symmetry transformations (|2-8p and (|2-9p with (3^0. 
Thus, we conclude that the chiral part of the superpotential is exactly given by 

Va[$] = "f / d " x M<^ 2 " v 2 ) + <PXRXR} ■ (6-2) 

§7. Implications 



For completeness of the paper, we would like to give an argument that relates 
the anomalous dimensions of the fields and v 2 to the beta function of \g\ 2 . The 
anomalous dimensions beyond 1-loop and the beta function beyond 2-loop are scheme 
dependent, and the relations we derive are valid only for the particular scheme 
adopted in the present paper. The anomalous dimensions and beta function can be 
derived from the dependence of the Wilson action Sy\ on the renormalization point 
[i as discussed in [T5|) and 1 16[) . In the following we give a hand- waving but more 
straightforward derivation, relegating a systematic derivation to Appendix [Bj 

We replace the bare action (|3- lj) naively by 



Sb 



d*x 



Z{d^d^ + X L<J-d X R + FF} 



-Ziz g (g {iFcj) 2 + 4>xrXr] + 9 {iF<j) 2 + 4>XlXl}) 



+zlz g Z v ,\^iF+ 9 -^iF 



(7-1) 



where 



3 1 

Z = l — C2, Z2Z 9 = l-c 3 , ZzZ g Z v 2 



1. (7-2) 

Z is the renormalization constant for the fields, gs = Z g g is the bare coupling, and 



B 



Z V 2V is the bare squared mass parameter. The non-renormalization theorem 
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gives 

Z = Z~\ Z V 2=Z. (7-3) 
Defining the beta function /3, the anomalous dimension (5 V 2 of v 2 , and that of fields 

7 b y 



^ lnZa = 2^> ^ln^=/V, ^lnZ = 2 7 , (7-1) 



we obtain 



= -37, ^2=27, (7-5) 



as first found in [2]) . 



2s 



§8. Concluding remarks 



In this paper we have proven the non-renormalization theorem (|4-16p & (|6-2p by 
an elementary use of ERG. Even though our proof does not rely on the superfield 
techniques, it still depends on the linearization of the supersymmetry transformation 
via auxiliary fields. The Wess-Zumino model can be constructed without auxiliary 
fields 0, and it should be interesting to formulate and prove the non-renormalization 
theorem without auxiliary fields. 
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Appendix A 

Non-renormalization theorem in terms of component fields 



In the component field formalism, the algebraic source of the non-renormalization 
theorems of super symmetric theories is the cohomological structure of the supersym- 
metry transformation: any supersymmetric invariants can be written as multiple 
supervariations of integrals over field polynomials.^'^ 1 

Let us write the N=l supersymmetry transformation 5 in terms of left and right 
supersymmetry generators: 

6 = £lQl + £rQr- (A-l) 

Any supersymmetric invariant in four dimensions is the highest component of the 
respective super multiplet, and it can be written as 

/ = QrQrQlQlX + QrQrY + Q L Q L Y, (A-2) 

where X, Y, and Y are integrals over polynomials of fields that belong to the re- 
spective supersymmetry multiplets. Y satisfies QlY = 0, and Y satisfies QrY = 0. 
But X need not to be invariant under Ql or Qr. 



For a construction within the ERG formalism, see !2Up . 
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For instance, let us construct the chiral part, QrQrY ', for the Wilson action of 
the Wess-Zumino model. By analyzing the supersymmetry transformations of the 
fields, one finds that Y can only be written as (an integral of) <p n . All the other 
polynomials annihilated by Ql can be written as QlQlX' so that these make part 
of the first term in (|A-2p . For instance, d 2 (j) ■ (p n ~ 1 can be written as Q lQ l(F '4> n ~ l ) , 
and 4> n F m as QlQl^^F 171 - 1 ). 

It is now straightforward to rewrite Seiberg's proof of the non-renormalization 
theorem^ 1 ® using component fields. Following SeibergP® we promote the param- 
eters g,g to constant fields that belong to chiral multiplets with the R-characters 
determined by (|2-8p . Then, a similar argument as above shows that Y is a polyno- 
mial of only g and (f). Since the action is R-symmetric, Y must transform as e l ( a+3 ^) 
under (|2-8[) & (|2-9p . This leaves only a constant multiple of f d^xgifP 1 . Hence, the 
chiral (antichiral) part of the action related with Y (Y) does not receive radiative 
corrections. This is exactly the same argument as Seiberg's.^ 1 ® Therefore, we 
conclude that any radiative correction to the supersymmetric Wilson action can be 
written as QrQrQlQlX. 

Now, using the above construction of supersymmetric invariants, we can easily 
derive V5 given by f|5-3[) . Note that the quintic vertex V5 consists of terms of the 
form 

&{q)&(-q) ■ <£(0)<2>(0)<2>(0), (A-3) 

where <P and 3 denote generic chiral and antichiral component fields, and the mass 
dimension of <^(0)^(0)<^(0) must be at most 5. Considering the R-symmetry (|2-8p & 
(|2-9p and the dimensionality of the fields, we conclude the following: 

1. There is no possible Y satisfying QlY = that cannot be written as QlQlX. 

2. There are nine possible field polynomials for X, but under the action of 

QlQlQrQr, 
only the following two are independent: 

x = {g4>4> ■ 4>xrxr , g4>4> • iF4> 2 } . 

It is then easy to show that (|5-3p can be obtained as 



V 5 = 9 -QrQrQlQl j (A-4) 

[w^m^-q^F^mm +Mv)H<i)<P(-q)mxR(o)xR(o)] ■ 

Note that in Sec.V, V5 is found by enumerating all the possibilities allowed by R- 
symmetry and dimensionality. However, the above construction is more systematic 
and simpler. Moreover, (|4-15p comes as no surprise since the loop contraction 

.~^G#f)<ty(-g) + "') (A ' 5) 

is supersymmetric and commutes with QrQrQlQl- Hence, the loop contraction 
gives Q R Q R Q L QLiF{0)<t>(0)<j>(0) and QrQrQlQlHO)xr(0)xr(0), both of which 
vanish identically. 
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We wish to give more details elsewhere on the use of the component field formal- 
ism for the cohomological construction and for the proof of the non-renormalization 
theorem. 

Appendix B 

The relation among (3, 7, and f3 v 2 



The derivation of the beta function and anomalous dimensions from the Wilson 
action has been discussed in I15j) and [16]). Here, we follow the latter. 
The dependence of the Wilson action can be written as 

- H^S A = ( g0g + gO g ) + /3 V 2 (v 2 O v2 + v 2 0, 2 ) + 7 A/", (B-l) 

where /3, /3 V 2, and 7 are functions of \g\ 2 , and the composite operators O g , O v 2, N 
are defined by 

O g = -d g S I>A , (B-2) 
O v 2 = -8 V 2S IA = - l -gF(Q), (B-3) 



M=- K (p/A) 



v 



+SA 1 —r^\XR}(p) ~ Tr [Xfl](p)l— TT + Sat—T^\Xl](p) - Tr [ X l]( P ) ' 



o~Xr(p) 6xr(j>) o~Xl(p) o~Xl(p) 

(B-4) 



where the elementary fields in square brackets are defined by 

1-Kjp/A) SS I;A 
p 2 54>(—p) 

The operator J\f is the equation of motion operator that counts the number of fields: 



(Af^)_^)=N{<f>( Pl )---}. (B-6) 

* N fields ' 

P is the beta function of \g\ 2 , /3 V 2 is the anomalous dimension of v 2 , and 7 is the 
common anomalous dimension of the matter fields, since (|B-ip implies 



-V^T + TTi ioid^g + gd g ) + f3 v 2 (v 2 d v 2 + v 2 d^) (<f>( Pl ) • • •} = Nj tyfa) ■ ■ •) . 



(Br, 

To extract the coefficients /3,/3 v 2,j, we expand the Wilson action in powers of 
fields, and expand the coefficients in powers of momenta. Alternatively, we can 
examine the asymptotic behavior of the Wilson action for large 
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1. The asymptotic behavior of —[iO^Sa is given by 

- ii—S A A ±S? A— c 2 (\nA/v) J d A x (d^d^ + xlo ■ d XR + FF) . (B-8) 

2. The asymptotic behavior of the g,g derivatives is given by 



gO g + gO- g 



-gO„S A - gdgS A 



/l->oo 



/ 



-2| 5 | 2 



0\g\ 



;c 2 (In A/n) {d^d^ + xlo ■ 8 X R + FF) 



+ 2 {g^XRXR + g4> 2 iF + g4>XLXi + # 2 i^) 



(sM> 2 iF + gv 2 iF) 



(B- 



3. (9^2 and C^2 are exactly given by 

v 2 O v2 + t; 2 ^ = -1 {gv 2 F(0) + p 2 F(0)) . (B-10) 

4. The asymptotic behavior of the field counting operator is the most complicated: 

M A^o J ^ _ (Q^Q^ + ^ L(J . Q XR + 



+^ {g4>XRXR + giFcp 2 + g4>XLXL + giF4> 2 ) 



-- (gv 2 iF + gv 2 iF) 



(B-ll) 



g (p/yi) (l - g (pM)) / a 2 s f , 



+Tr (-i)p • a 



\6<f>(p)5$(-p) 

■2 $ 2 Sl,A 



SxU-p) 1A 8 X r{p) P 6F(-p)6F(p) ) ' 



where the loop momentum p is of order A. For the loop integral, we need 
the part of Si t A including a chiral field of momentum p, an antichiral field of 
momentum —p, and a number of fields with momenta low compared with A. 
The part including three chiral fields at zero momentum vanishes as explained 
in the proof of the non-renormalization theorem. Only the part proportional to 
the kinetic term survives the loop integral. 
Hence, we obtain 



A— >c 



2bl 2 
d 4 x 



(gO g + gO- g ) + f3 v 2 (v 2 O v 2 + v 2 0^) + jj\f 



-/^ + 2 7 (l-c 2 )-2 7 

(d^d^ + xlo ■ d XR + ff) 



K{p/A)(l-K(p/A)) 



B 4 (0,p) 



Non-renormalization theorem for the WZ model via ERG 
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+ 



+ 3 ^ ) ' \ (90XRXR + giFfi 2 + 9<Pxlxl + giF4> 2 ) 



2fl 



+ - 



p 



2bP 



(B-12) 



where B(0,p) is the coefficient of a term in Si a, containing a pair of chiral and 
antichiral fields with momentum of order A and a pair with low momentum. Thus, 
we obtain the desired relation 



P 



2M 2 



-37, P V 2 = 27, 



and an equation that determines the anomalous dimension 7: 

K(p/A)(l-K{p/A)) 



dc2QnA/(i) 2 dc 2 

dlnA/v =67|g| d[gf + 27(1 



- c 2 ) - 2 7 / 



P 



We can calculate 7 by computing c 2 and -B4 perturbatively. 
Up to 2-loop, we obtain 



(B-13) 



B 4 (0, p). 
(B-14) 



4 1} (ln^) = ^ln^, 



I |2 1-K(p/A) 
\9\ -p > 



4 2) (ln^) = ^ 

where the superscript denotes the number of loops, and the constant a is given by 
"3 f A(q)(l- K{q)) 2 f 1- K{r) (\- K(r + q) 1 - K{r) 



(B-15) 



a = (47r) 



+ 



, q <f J, r- 

A(q) f (1 -K(r)) 3 (l - K(r + q)) 



(r + qf 



Jn Q 2 Jr 



r 4 (r + qf 



(B-16) 



Note that the value of a depends on the choice of the cutoff function K. 

Using the above, we obtain the following results for the anomalous dimension: 



27«=4 1) (ln^) = M 2 7 ^f> 



(B-17) 



2 7 (2) = 4 2) (ln^) - 4 7 « • c« - 2^\g\ 2 / 

J Q 

bl 4 



2 [K(l-Kf 



where 
b 



= a + (4vr) 2 I 

J CI 



(47r)4 6 ' 



2 [K(l-Kf 



(IMS) 
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H. Sonoda, K. Ulker 



(An) 4 



3 f A(q)(l - K{q)) 2 f 1 - K(r) ( 1 - K (r + g) 1 - if(r; 
2 



(r + g) 2 



u Z\(g) y (l-K(r)) 3 (l-X(r + g)) 1 [K(l- K) 2 

/ o / /i/.\o ~r 



r 4 (r + g) 5 



The value of b is independent of the choice of K 0. 
Thus, up to 2-loop, we obtain 



(47T) 



(B49) 



27 



M 2 bl 4 



(4tt) 2 (4^) 4 ' 
This agrees with the known result ffflfiHJ 



(B-20) 



l 

2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
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We have computed b using the sharp cutoff function K(q) = 8(1 — q 2 ). 



